Stochastic feedback control has aroused folks' notice, but little is known on the roles of stochastic noises for the dynamic behavior of impulsive differential systems. In this paper, we mainly study the problem of stochastic stabilization on explosive solutions of nonlinear impulsive differential systems by noises. Under the one-sided polynomial growth condition, a nonlinear impulsive differential system may explode at a finite time. To suppress the explosive solution, we introduce two independent stochastic noises (polynomial and linear) such that there exists a unique global solution for the corresponding stochastically perturbed impulsive differential system, and the global solution is bounded and almost surely exponentially stable. INDEX TERMS Impulsive differential systems, one-sided polynomial growth condition, explosive solutions, stochastic noise, stochastic stabilization.
I. INTRODUCTION
Deterministic differential systems (DSs) are usually used to describe real problems. One of the most desired issues in the investigations and applications of deterministic DSs is the character of asymptotic stability. The issue of asymptotic stability of deterministic DSs had captured individuals' attentions (e.g. [1] - [3] and the references therein). How to make the unstable deterministic DSs become asymptotically stable is a paramount problem. Feedback control is an effective approach.
Since stochastic noises are hardly evitable in the practical implementations of DSs, feedback control with stochastic factors arouse folks' notice. It is discovered that stochastic noises not only can stabilize an unstable deterministic DSs, but also change the stable form of a deterministic DSs. The pioneering work on this issue was the work of Hasminskii [4] . Then, growing researchers began to study the roles played by stochastic noises on the dynamic behavior of the solutions of deterministic DSs (e.g. [5] - [12] ). Deterministic DSs, whose coefficients are polynomials or controlled by polynomials, are an important class of nonlinear systems, such as Lotka-Volterra (L-V) systems. Mao and his coauthors [13] - [15] showed that stochastic noises can suppress the explosive The associate editor coordinating the review of this manuscript and approving it for publication was Heng Zhang. solutions of L-V systems. Wu and his coauthors [16] , [17] studied stochastic stabilization of the explosive solutions of deterministic DSs satisfying the one-sided polynomial growth condition using two independent noises. For further information on this issue, please see [18] - [26] and the references therein.
Except for the field of ecosystem [13] - [15] , there are wide applications of stochastic stabilization in the field of neural networks (e.g. [27] , [28] ). Noting that impulsive phenomena exist widespread in reality, impulsive differential systems are introduced to describe real systems with impulsive phenomena, and have wide applications in the fields of control, economics and biology [29] - [31] , [33] , [36] . There are many works on impulsive systems with stochastic factors (e.g. [32] , [34] , [35] ), but, as far as we know, there is little literature on the roles of stochastic noises on the dynamic behavior of impulsive differential systems. According, there is a tremendous blank about it. So our aim is to investigate the roles of stochastic noises for impulsive differential systems.
To illustrate this problem, let us consider the following 1-dimensional impulsive differential system, 
From the simulation of the solution of system (1.1) (see Fig. 1 ), we can see that the solution explodes at 1.246 on impulsive interval [1.2, 1.4) .
Motivated by the thought of stochastic stabilization, the following question is proposed spontaneously: if the solution of an impulsive differential system explodes at a finite time on an impulsive interval, can we add some stochastic noises such that the stochastically perturbed impulsive differential system has a unique global solution and the unique global solution decays to zero solution? This will fill in the blank and is our main contribution.
II. PRELIMINARIES
Let ( , F, P) be a complete probability space with a filtration {F t } t≥0 satisfying the usual conditions, B(t) and B(t) two independent scalar Brownian motions defined on this probability space. Let | · | denote the Euclidean norm on R n and || · || M some norm on R n×n which is compatible with | · |, i.e. for any X ∈ R n and A ∈ R n×n , |AX | ≤ ||A|| M · |X |.
Consider an n-dimensional impulsive differential system
We always assume that f satisfies the following standard local Lipchitz condition.
Assumption 1: For any integral j ≥ 1, there exists a constant l j > 0, such that for any t ∈ [0, ∞), x, y ∈ R n satisfying |x| ∨ |y| ≤ j, |f (x, t) − f (y, t)| ≤ l j |x − y|.
Motivated by system (1.1), we impose the following one-sided polynomial growth condition.
Assumption 2: There exist negative constants κ, α, γ such that for any (x, t) ∈ R n × [0, ∞),
Remark 1: The local Lipchitz condition (Assumption 1) and the one-sided polynomial growth condition (Assumption 2) on [0, ∞) can be weakened to that on each impulsive interval.
From the simulation of system (1.1), system (2.1) with Assumptions 1 and 2 may explode at a finite time on an impulsive interval. To suppress the potentially explosive solution of system (2.1), we introduce a polynomial stochastic noise σ |x(t)| β x(t)dB(t) and a linear stochastic noise qx(t)dB(t), i.e. we choose appropriate parameters σ, β, q such that the stochastically perturbed impulsive differential system
has a unique global solution and the global solution decays to zero solution. Remark 2: Since system (2.1) satisfies the one-sided polynomial growth condition, it is reasonable to attempt to introduce a nonlinear stochastic noise (i.e., polynomial stochastic noise here) to affect the behavior of system (2.1). Consequently, the polynomial stochastic noise σ |x(t)| β x(t)dB(t) just only can suppress the potentially explosive solution of system (2.1) and guarantee the boundedness of global solution, but not exponentially stabilize it. This assertion will be demonstrated by the following Theorem 1 and Theorem 2 in Section III, since he existence, uniqueness and boundedness of global solution of system (2.2) just rely on the choices of σ, β but not q. Hence, except for the above polynomial stochastic noise, we need to further introduce another stochastic noise to exponentially stabilize system (2.1). Since a linear stochastic noise is simpler than a nonlinear one, the second stochastic noise is tried to be designed in the linear form. Fortunately, under the independence assumption and remaining the same choices of σ, β as Theorem 1, the linear stochastic noise qx(t)dB(t) (the second stochastic noise introduced) can exponentially stabilize system (2.1) with the above polynomial stochastic noise, which will be illustrated in Theorem 3 in Section III. In the implementation, we firstly introduce the polynomial stochastic noise σ |x(t)| β x(t)dB(t) to suppress the potentially explosive solution of system (2.1), i.e., we choose appropriate parameters σ, β such that the stochastically perturbed impulsive system
has a unique global solution. Then, we introduce the linear stochastic noise qx(t)dB(t) to exponentially stabilize the above stochastically perturbed impulsive system, i.e. we choose appropriate parameter q such that the global solution of stochastically perturbed system (2.2) decays to zero solution.
Remark 3: When β ≥ 0, functions σ |x(t)| β x(t) and qx(t) satisfy the local Lipchitz condition.
Lemma 1 [16] :
III. STOCHASTIC STABILIZATION OF EXPLOSIVE SOLUTION
Theorem 1: Suppose Assumptions 1 and 2 hold. If σ = 0,
To get that x(t) is the global solution on [0, ∞), we only need to prove ρ i e = ξ i almost surely, i = 1, 2, · · · . Let k 0 > 0 be a sufficient large number satisfying |ζ | < k 0 . For each integer k ≥ k 0 , define
Using Itó formula to V (x) = |x| p , p ∈ (0, 1), we have
Since p ∈ (0, 1),σ = 0, 2β > α ≥ 0, then from Lemma 1 there exists a constant H > 0 such that
1) For any t ∈ [0, ξ 1 ), using Itó formula, we have
From the arbitrariness of t ∈ [0, ξ 1 ), we obtain τ 1 ∞ = ρ 1 e = ξ 1 . So the maximal solution x(t) on [0, ρ 1 e ) becomes the global solution on [0, ξ 1 ). Since g 1 (x(t), t), g 2 (x(t), t) and f (x(t), t) satisfy local Lipschitz conditions, from f (0, t) = g 1 (0, t) = g 2 (0, t) = 0 and ζ = 0, similar to Lemma 4.3.2 in [7] , we yield P{x(t; ζ ) = 0, 0 ≤ t < ρ 1 e } = 1. Furthermore, we have P{x(t; ζ ) = 0, 0 ≤ t < ξ 1 } = 1.
2) Consider the case of t ∈ [ξ 1 , ξ 2 ). Using Itó formula, we have
Let k → ∞, then lim k→∞ P{τ k 2 < t} ≤ lim k→∞ M t2 k p = 0. From the arbitrariness of t ∈ [ξ 1 , ξ 2 ), we obtain τ ∞ 2 = ρ 2 e = ξ 2 . Similarly, P{x(t; ζ ) = 0, ξ 1 ≤ t < ξ 2 } = 1. 3) Similar to the inequality (3.1), using mathematical induction, we have, for any integer v ≥ 1,
Obviously, when v = 1, the inequality (3.2) holds. Assume v = m(m ≥ 1), the inequality (3.2) holds. Then, when v = m + 1, we have
That is, when v = m + 1 the inequality (3.2) holds. Then the inequality (3.2) holds for any integer v ≥ 1.
For any impulsive interval [ξ r , ξ r+1 ), r = 2, 3, · · · , repeating the above process, we have, ∀t ∈ [ξ r , ξ r+1 ), # Theorem 1 shows that the polynomial stochastic noise and the linear stochastic noise can suppress the potentially explosive solution of system (2.1) under some conditions. Besides of the role of suppression, stochastic noises can also guarantee the boundedness of the global solution in the sense of the pth moment. Next, we give the result about the boundedness of the global solution of the perturbed impulsive differential system (2.2).
Moreover, lim
Theorem 2: If the conditions of Theorem 1 hold, then for any p ∈ (0, 1) and any initial data ζ ∈ R n with ζ = 0, there exists a constant N p > 0 such that the global solution x(t; ζ ) of system (2.2) satisfies sup t≥0 ∈ (0, 1) , ε is a sufficient small positive number. Using Itó formula, we have dW (x(t)) = LW (x(t))dt + e εt pσ |x(t)| β+p dB(t)
Since p ∈ (0, 1), from Lemma 1 we get that there exists a constant Q such that sup
Similar to the inequality (3.2), using mathematical induction, we have, for any integer v ≥ 1,
For any t ∈ [ξ r , ξ r+1 ), r = 0, 1, · · · , from (3.3), we have
LW (x(s))ds
Then E|x(t)| p ≤ B p 2 E|x(0)| p e −εt + (B p 2 + 1)pQε −1 , which implies the required assertion. # Finally, we discuss other effects of stochastic noises for system (2.1): stabilization in the exponential form.
Theorem 3: Suppose the conditions of Theorem 1 hold. If q 2 2 − η > 0, then for any initial data ζ ∈ R n with ζ = 0, the global solution x(t; ζ )of system (2.2) is almost surely exponentially stable, i.e. lim sup
Proof: From Theorem 1, there exists a unique global solutionx(t; ζ ) for system (2.2) andP{x(t; ζ ) = 0} = 1. Using Itó formula to U (x) = log |x|, we have
Using mathematical induction and Itó formula, we have,
Substituting (3.5) into (3.4), we have
where M (t) = σ t 0 |x(s)| β dB(s) is a continuous local martingale with the quadratic variation M (t), M (t) = σ 2 t 0 |x(s)| 2β ds. Then for any integer k > 0, any ε ∈ (0, 1) and ρ > 0 satisfying ρε > 1, by the exponential martingale inequality [7] , we have
By the Borel-Cantelli Lemma [7] , there exists a 0 ⊆ with P( 0 ) = 1 such that for any ω ∈ 0 there exists a integer N 0 (ω) such that for any k ≥ N 0 (ω) and
Then, for any k ≥ N 0 (ω) and k − 1 ≤ t ≤ k, we have that, with probability 1,
From the definition of η, let ε be sufficient small, we have that log |x(t)| ≤ 1 2 log(B) + log |x(0)| + (η − 1 2 q 2 )t + qB(t) + ρ log(t + 1).
Using the strong law of large number [7] , we therefore have lim t→∞ B(t) t = 0 a.s.. Furthermore we obtain the desired assertion.
Remark 4: Under the local Lipchitz condition and the one-sided polynomial growth condition on each impulsive interval, Theorem 1, Theorem 2 and Theorem 3 still hold.
Theorem 5: For a given nonlinear impulsive differential system (2.1) with any nonzero initial value, if Assumption 1, Assumption 2, max i,r r j=i ||b j (τ j )|| 2 M < ∞ and b i (τ i ) = 0 hold for any i, r = 1, 2, · · · , then two independent stochastic noises σ |x(t)| β x(t)dB(t) and qx(t)dB(t) (σ = 0, β > α/2, q 2 > 2η) can be introduced such that there exists a unique global solution for the corresponding stochastically perturbed impulsive differential system, and the global solution will never reach the origin, is bounded and almost surely exponentially stable. 
IV. AN EXAMPLE
In this section, we discuss an example to illustrate our results. Example 1: Let us recall the impulsive differential system (1.1). Obviously, the conditions of Theorem 4 hold for system (1.1). To suppress the potentially explosive solution of system (1.1), we introduce two independent stochastic noises |x(t)|x(t)dB(t) and 2x(t)dB(t) such that the stochastically perturbed impulsive differential system                dx(t) = x(t)(1 + x(t))dt + |x(t)|x(t)dB(t) + 2x(t)dB(t) t ≥ 0, t = ξ i , i = 1, 2, · · · x(ξ i ) = b i (τ i )x(ξ i −) i = 1, 2, · · · x(0) = 1 (4.1) has a unique global solution x(t; ζ ) from Theorem 1, and P{x(t; ζ ) = 0} = 1. And the global solution is bounded by Theorem 2. Furthermore, from Theorem 3, the global solution of system (4.1) is almost surely exponentially stable, see Fig.2 and Fig.3 .
V. CONCLUSIONS AND DISCUSSIONS
It is noted that there is little literature on the roles of stochastic noises for impulsive differential systems. This paper mainly explores stochastic stabilization of nonlinear impulsive differential systems by noises, which fills in the research blank. Meanwhile, it is indispensable to point out that several important factors, such as delay and nonlinear impulse, are not surveyed by this paper. These are open questions needing further discussions.
